THE INTEGRAL REPRESENTATION RING a(R,G)

BY
T. A. HANNULA()

0. Notation.

p=an odd prime.

G=cyclic group of order p with generator g.

R=a commutative ring with identity 1, in which the principal ideal (p-1) is a
nonzero maximal ideal.

R, = R/(p*), using only those k for which (p*)#(p*~1).

M={M|M=R,-free R,G-module of finite R,-rank}.

[M:R,]= R,-rank of M=number of elements in an R,-basis of M.

I,=nxn identity matrix.

I. The integral representation ring a(R,G). The integral representation ring
a(R,G) (see Reiner [6]) is generated by the symbols [M], one for each isomorphism
class of modules in M, subject to the relations

(L1 M]+[M'] = [M®M'] and [M][M']=[M QM)

where M ® M’ is the R,G-module with g(m ® m')=gm ® gm’. We note that
a(R,G) is a commutative ring with identity [R,], R, the trivial R,G-module. The
Krull-Schmidt theorem holds for elements of I, so a(R,G) is a free Z-module with
Z-basis the nonisomorphic indecomposable elements of .

J. A. Green [2] has investigated a(R,G) when k=1 and G is a cyclic p-group.
Some of his results have been simplified in [4]. We will, therefore, assume that
k>1 and also that p is odd, unless otherwise stated.

The indecomposable modules in M have been determined in [1], for k> 1 and p
an odd prime, when R is the ring of integers Z. In this case, the study of these
modules is equivalent to the study of the representations of G by matrices over Z,.
Similar results for the general case have been obtained in [3] by somewhat different
methods. We collect these results for later use in this paper.

Since R, = R/(p) is a field of characteristic p, and G is a cyclic group of order p,
there are exactly p nonisomorphic indecomposable R,G-modules, namely the
modules S;= R, [x]/(x—1)! for i=1, 2,..., p, with g acting on S; as multiplication
by x. For each M € M, define M to be the R,G-module M/pM; then we have
from [1] and [3]:
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(1.2) Every M e M has the form M=M, ® M,_, ® M,, where M, is an
R,G-module with M, a direct sum of copies of S;, i = 1, p—1, p.

In the sequel we shall refer to such a module M, as a Ti-module. From (1.2) it
follows that a basis of a(R,.G) will be known once the indecomposable T;-modules
are classified to within isomorphism for i=1, p—1, and p. Again from [1] and [3]
we have

(1.3) RG is an indecomposable R,G-module, and each T,-module is a free
R;,G-module.

Further,

(1.4) A T,-module M affords a matrix representation g — I,,+p*~1B, where
B is an n x n matrix over R,. Here, n=[M:R,].

Thus each T;-module M has the property that (g— )M <cp*~* M.

Let B be the result of reducing the entries of B modulo p; then one can easily
show that

(1.5) Two T;-modules M, and M, are isomorphic if and only if B, and B, are
similar over the field R,.

(1.6) A Ty-module M is indecomposable if and only if B is indecomposable under
similarity transformations.

The T, _,-modules have been classified in [1] and [3] as follows:

(1.7) Let A=(g—1)R,G=augmentation ideal in R,G. Then

(i) M is a T, .,-module if and only if there exists a T;-module N such that
Mx=NQ® A.
(ii) For T,-modules N, and N,, N, ® A~ N, ® A if and only if N; = N,.
(iii) The T,_,-module N ® A is indecomposable if and only if the 7;-module
N is indecomposable.

II. Multiplication in a(R.G). From (1.2) it follows that as a Z-module,
a(RG) = a(T;) @ a(T,-1) @ a(T),

where a(T;) has as Z-basis the indecomposable T;-modules. Clearly a(7,) is a
subring of a(R,G). For any M € I with R,-basis {m}, the set {g’ ® g'm} is an
R,-basis for R,G ® M. Hence R,G ® M=3>° R.G(1 ® m,), and thus is R,G-free.
It follows that a(T,) is an ideal and, by (1.3), a(T,)=Z«,, where «,=[R,G]. Let
o,_1=[A]; then by (1.7) a(T,_,)=a(T))e, . Further, it is well known that

(2.0 ol ) = 1+(p—2)a,.

It now follows that multiplication in a(R,G) will be determined by that in
a(T,). In order to investigate multiplication in a(T,), we replace a(T;) by the
representation ring a(R,[x]). This is generated by the symbols [V], one for each
isomorphism class of R;[x]-modules with finite R,-basis, subject to the relations

2.1 V1+V1=[V® V'] and [VI[V']=[VQsV']
where ¥V ® V' is an R,[x]-module with x actingas x @ 1+1 ® x.
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To see that a(T,)~a(R,[x]), define a mapping B: a(T;) — a(R,[x]) by B(IN])
=[V], where N affords the representation g — I+ p*~1B, and Vis an R,[x]-module
for which the linear transformation “multiplication by x” is represented by B
relative to some R,-basis. It is clear from (1.4), (1.5), and the well-known facts
about R,[x]-modules, that 8 is an isomorphism between the additive groups of
a(T,) and a(R,[x]). If g— I+p*~'B, is a representation of G afforded by N,
i=1,2, then since k>1, g — I+p* (B, ® I+I ® B,) is a representation of G
afforded by N, ® N,. Hence B preserves multiplication.

For convenience, denote R,[x]/(f(x))" by R,(f,r). Thus to determihe multi-
plication in a(R;[x]), we need only find the decomposition of W=
R.(f, r) ®g, Ri(g, ). Moreover, we may assume that R,(f,r) and R,(g,s) are
indecomposable, and thus that f(x) and g(x) are irreducible over R,. Letting Q be
an algebraic closure of R,, we have

D
(22) Q ®r, W = D Qoy, p'r) ® QB;, ps),
i,

where f(x)=IT(x—a)* and g(x) =TT (x— 8" in Q[x], and Q(y, m) = QLx]/(x— )"

Let N,=mxm matrix with 1’s immediately below the main diagonal and 0’s
everywhere else, B(m, n)=(Al,,+ N,)" A an indeterminate over Q, and {A%]}, the set
of nonunit invariant factors of B(m, n). Then the decomposition of (2.2) into
indecomposable factors is obtained by means of

(2.3) LeMMA. The Q[x]}-module (o, m) ® Q(B, n), with x acting as x @ 1
+1 ® x, has the decomposition

(2.3.1) Q(o, m) @ Q(B, n) = 2 Q(a+B, dy).

Moreover, there are min (m, n) summands on the right side of (2.3.1).

Proof. Relative to suitable Q-bases, the action of x on Q(«, m) and Q(B, n) is
given by the matrices ol,+ N, and BI, + N,, respectively. Thus the action of x on
Q(x, m) ® Q(B, n) is given by the matrix

Y(m, n) = (“Im"‘Nm) QL+I, ® (Bln+Nn)
= (e+B)n+N,)  I,+1, @ N,.
The Jordan canonical form of Y(m, n) is determined by the invariant factors of

Y(m, n)—zI,,,, as a matrix over Q[z], z an indeterminate over Q. Use the definition
A ® B=(Ab,), and let A=a+B—z. An easy induction shows that Y(m, n)—zI is

equivalent to the matrix
[1 m(n-1) 0 ] ,
0 B(m,n)

where B(m, n)=(Al,,+ Np)".
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Since det (B(m, n))=A"", each invariant factor of B(m, n) is of the form A% for
some nonnegative integer d;. Thus the Jordan canonical form of Y(m, n) is

D
; ((e+B)Ms,+Nay),

where the sum is over those A4 for which d, >0. Thus

)
Qe,m) ® QB,n) = D Qa+p, dy).
dn>0
Since ® is commutative, we may assume m=<n. Moreover, since (N,,)"=0, the
binomial expansion of (Al,+ N,,)* shows that (AL, + N,)" is a multiple of A. Hence
all the invariant factors are multiples of A. Thus there are m=min (m, n) summands
on the right side of (2.3.1).
We refer the reader to papers by Green [3], Ralley [5], and Srinivasan [7] for
methods of determining these invariant factors.
Now let ¥ be an R,[x}-module with finite R;-basis, and suppose that

(24.1) QRV = % n(e, 1)Qe, 1),

a,t

with n(e, £)Q(e, t) denoting a direct sum of n(c, t) copies of Q(e, t). Further, let

D
(2.42) V=

n(q, s)Ry(q, 5),

q,8
with g(x) irreducible, g(x)=]T (x —,)**®, with «, ranging over the distinct roots
of g¢x). It follows that

(2.4.3) Q®V= 2 ng,s)UAeep""s).

q,8,aq

On comparing (2.4.1) and (2.4.3), we have:

(2.4)4 LeEMMA. If a decomposition for Q ® V is given by (2.4.1) and one for V by
(2.4.2), then

n(q, s) = n(e, t), when g(x) = Irr (o, R,) and t = p*“s,

(2.4.4)
n(a, t) = 0, when q(x) = Irr (o, R,) and t # p*@s.

Now let f(x)=[T (x—)”, o€ Q, « distinct; g(x)=[T(x—B,)™", B;€Q, B,
distinct; C={o;+8;}; {A%}=set of invariant factors of B(p'r, p*s); {q.(x)}=set of
distinct irreducible polynomials over R, of the elements in C; p*® =degree of
inseparability of g¢.(x) over R,; and n(y)=number of pairs («, 8;) such that

y=o+pB;.



1968] THE INTEGRAL REPRESENTATION RING a(R«G) 557

(2.5) THEOREM. With the above notation, n(y)=n(y') whenever y and y' are
conjugate over R,. If we let n,=n(y) for any root y of q,(x), then

2.5.1) R(f,r) ® Ri(g, 5) = g‘ meRy(qrs da[p™®).
Proof. We have

25D QORI © Rle ) 2 3 Uow ) © Uy ).

Hence by Lemma 2.3,

2.5.3) QQ(Ri(f;r) ® Ri(g, 9)) = ‘Zh Qo +By, dh).

Collecting like terms yields h

@54) 08 (K1) ® Rilgs) 2 3 3 o), d)

By Lemma 2.4, we know that the number of times Q(y, d,) occurs is the same for
each y such that g,(y) =0. This is n(y)m,, where m, is the number of times dj, occurs
as an invariant factor of B(p'r, pts). Thus n(y) is constant, say n,, for each root y of
qx(x). Applying Lemma 2.4, we find that (2.5.1) holds.

(2.6) CoRrROLLARY. If f(x) and g(x) are separable over R,, then
(D Ty = (+89) = [Tk gie(x),
(2) Ri(fir) ® Ri(g, 5) =~ 2in MRi(Gks d1).

Proof. (1) follows immediately from the hypothesis, and (2) then follows from
the theorem.

III. Nilpotent elements in a(R,G). We now turn our attention to the possible
existence of nilpotent elements in a(R.G). Recall that an element r of a ring is
nilpotent if there exists a positive integer n such that r*=0.

(3.1) THeOREM. If a(R.G) has a nonzero nilpotent element, then so does a(T}),

Proof. If a(R,G) has nonzero nilpotents, then there exists a z € a(R,G) such that
z#0, but z2=0. Let z=2z,+z,_,+2z, z €a(T,). Moreover, z,_,=2)-a,_, for
some z; € a(Ty), and z,=ne, for some integer n. Using (2.0), we have

B.1.1) 0 =224(2)>+(p—-2)(z1) 0+ 22+ 22,2105 1 +2212,+ 22, 12,
It follows from (3.1.1), and results in §I, that
(3.1.2) 22+(2)% = 0, 2z,z70,_, = 0.

Again using (2.0), we obtain 2z,z; +2(p —2)z, 23, =0. Thus z,2; =0. It now follows
from (3.1.2) that 23 =0 and (z;)®=0. Therefore, if a(T;) has no nonzero nilpotent



558 T. A. HANNULA [September

elements, then z, =0 and z;=0. Hence z=nz,. But z2=0, so n=0. Thus z=0,
contrary to assumption.

We now replace a(7;) by a(R,[x]) and embed a(R,[x]) in a(Q[x]) by identifying
[V] with [Q ® V].

If v € a(Q[x]), then v=73, , n(e, r)v(e, ), n(e, r) € Z, and v(a, r)=[Q[x]/(x —a)'].
If n(, r) #0 for some r, call « a root of v. Let H(v) be the additive subgroup of Q
generated by the roots of v. Then we may write H(v)=Qqu;+ -+ +Qou, Qo
=prime subfield of Q. If H(v)#0, define H'(v)=1>%, Qou; and w=[Q[x]/(x —u)].
Using Lemma 2.3, we see that w? =[Q[x]/(x)], the multiplicative identity of a(Q[x]).
(Recall that x acts as x ® 14+1 ® x on a tensor product.) Further, each « € H(v)
has the form «=~A’"+ i, for some A’ € H'(v) and some i, 0Si<p— 1. It follows that
v(e, r)=w'v(k', r). Using this factorization, and collecting like powers of w, we
have

V= 0p+wWo+ - +wP 1y, _q,

with each v, having all its roots in H’'(v). It is clear that v=0 if and only if each
v¢=0. )

Let C denote the field of complex numbers and let A(Q[x])=C ®; a(Q[x]).
Obviously a(Q[x]) can be embedded in A(Q[x]). Let p be any complex pth root of 1
and let v(p)=vo+pwv, +p*wPvy+ - +p? WP -1y, ;. It is clear that if
v"= P-4 wiyy, then (v(p))*=3?z¢ (pw)'v;. It thus follows that

(3.2) LeMMA. If v is nilpotent in a(Q[x)), then for any pth-root of unity p in C,
v(p) is nilpotent in A(Q[x]).

(3.3) THEOREM. If v € a(Q2[x]) and v+#O0, then v is not nilpotent.

Proof. We proceed by induction on the rank ¢ of H(v). If t=0, then v="7 a,v(0,r)
with a, € Z and v(o, r)=[Q[x]/x"]. By Lemma 2.3, we know that v(o, r)v(o, 5)
=2, by(o, t), with each b, a nonnegative integer, and 3, b,,,=min (r, 5). Thus
=3, aap(o, r)v(o, s)=3,.: aab,(0, t). If v®=0, then for each ¢,
2r.s @b, =0. Summing on ¢, we obtain 3, , a,a, min (r, s)=0. If n is an integer
such that a,,=0 for all m>n, we find that

0= 21 2’1 a,a, min (r, s) = (i a,)2+(i a,)z-i- -+ +al.

i=1 i=2

Hence each a,=0 and thus v=0.

Let t21, and now assume that whenever the rank of H(v,) is less than ¢ and
vo#0, then v, is not nilpotent. Let v € a(Q[x]), v#0, and let the rank of H(v) be ¢.
Replacing » by w'v for some i, 0Si<p—1, we may assume that

v =vo+wor+---+wly,

with roots of each v, in H'(v) and v,#0. By the induction assumption v, is not
nilpotent. If v is nilpotent and p is a primitive pth root of 1 in C, then 3222 v(p’) is
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nilpotent in A(Q[x]), since 4(Q[x]) is commutative and each v(p’) is nilpotent by
Lemma 3.2. But

:2: o(p’) = v+v(p)+ - - +v(p”"?)
= Z (w‘v,)+z (ew) v+ - -+ +z (p"~w)',

= ﬁovo"'Bleh‘l' T +ﬂp-1wp-lvp-1

where B;=27%-4 (o) for each i, 0<i<p—1. Since Bo=p and B,;=0 for 1Zi<p-1,
we see that py, is nilpotent. But H(pv,)< H'(v), thus pv,=0 by the induction
assumption. But in this case v,=0, which contradicts v, being nonzero. Thus v
cannot be nilpotent and the induction step is completed.

(3.4) CorOLLARY. The ring a(R,[x]) has no nonzero nilpotent elements, whence
neither does a(T).

(3.5) COoROLLARY. The ring a(R,G) has no nonzero nilpotent elements.
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